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ABSTRACT 

We consider here a hilbertian field k and its Galois group ~ (ks~k). For a 
natural number e we prove that almost all (0) ~ ~ (ks/k) e have the following 
properties. (1) The closedsubgroup ( o )  which is generated by crt .... , a~ is a free 
pro-finite group with e generators. (2) Let K be a proper subfield of the fixed 
field k s (09 of trl,..., tre in ks, which contains k. Then the group cff (k s /K)  cannot 
be topologically generated by less t hen e + 1 elements. (3) There does not 
exist a ~ ~ f~ (k Ik), r ~ 1, of finite order such that [k s (0): k s (o, z)] < co. 
(4) I r e =  1, there does not exist a field k ~_ K ~ k s (0) such that 
1 < [k#(l/):K] <co .  Here "almost all" is used in the sense of the Haar 
measure of the compact group ~ (kJk)  e. 

Introduction 

We consider a hilbertian field k and denote by ks its separable closure and by 

f # ( k J k )  its Galois group.  Like every compact  group,  ~ ( k s / k )  has a unique nor-  

malized H a a r  measure ~. We pick up an e-tuple (0) ~ ~ ( k J k )  e at r andom and ask 

what properties does the closed subgroup ( ~ )  generated by (0) have in ~(k~/k)C; 

or equivalently, what  properties does the fixed field ks(c0 o f  (0) have in ks. We give 

several answers to  this question. First  we prove that  ( ~ )  is a free pro-finite g roup  

with e topological  generators. In part icular  we have that  ( 0 " l , ' " , ~ d )  

n (0"d+l , ' " ,~e )  = 1 if 1 ___< d < e and that  ~l*j # *j*i for 1 =< i , j  ~_ e, i # j .  

Next we prove that the set S(~) o f  all (oF') e ~ ( k s / k )  ~ such that  ks(o) ~k ks(~') has 

the measure 0. Moreover  we show that there are at least 2 }~~ sets o f  the fo rm S(~). 

Then we come to our  main problem, namely, what  happens outside the group 

( e ) ;  or  equivalently, what  kind of  fields can be found between k and ks(o ). Here 

we adopt  the convent ion o f  denot ing by c the proper  inclusion and by _ the im- 
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proper inclusion of  sets. Our first result in this direction is that if k _~ K c k~(,) 

then fg(k,/K) cannot be topologically generated by less than e + 1 elements. 

Second, there does not exist any �9 ~ ~(kJk)  of finite order such that 

[k,(cr) : ks(a, z)] < oo, and third, if e = 1, there does not exist any intermediate 

field k ~_ K c ks(tr ) such that [ks(a) :K]  < oo. The conjecture is that the last 

statement holds for all e. Finally we consider the centralizer and the normalizer of 

( a}  in fg(k,/k) and we find that in the case were k is a global field, ( g )  is its own 

centralizer if e = 1, and that the centralizer is trivial if e > 2. For  arbitrary 

hilbertian field k we prove only that the normalizer of (~ )  in fg(ks/k) ~ is a closed 

subgroup of infinite index. 

Note that if (~) is not selected at random then it may happen that it does not 

have the above properties. For  example, for a z ~ fg(kJk) such that ( ~ ) ~  2 ,  

and for 0- = z 2, we have that [ks(0-):k,(z)] = 2. Thus tr is not picked up at 

random. In fact we prove that the set of all proper powers of  the elements of  

f~(kJk) has the measure 0. 

In the last two sections we obtain some immediate applications of our results 

to the problem of finite extensions of a hilbertian field and to finitely generated 

free pro-finite groups. 

1. Fields of finite corank 

A subset Y. of a topological group G is said to be a topological system of 

generators for G if the closure of the group generated by Y. is equal to G. 

We say that G has the rank N, where N is a cardinal number, if G has a topolo- 

gical system of generators of cardinality N, and does not have such a system of 

cardinality less than N. 

If  K is a field, then by K~ we denote the separable closure of  K and by CS(KJK) 

the Galois group of K,  over K. This group is equipped with the usual Krulj 

topology. 

K is said to have the corank N if ~(KJK)  has the rank N. 

I f  ~: is a topological system of  generators for fg(Ks/K) then K is the fixed field 

in K s of  I: and vice versa. In this case we write K = K,(Y~). 

We shall be mainly interested in the case where Y. is a finite set E = {0-i, '", o-e}" 

Then Ks(E) is said to be afield offinite corank. In this case we shall use the nota- 

tion k,(E) = k,(0-1, ..., a,) = k~(~), where (~) stands for the e-tuple (o'1, ..-, o'e). 

Some of  the simplest properties of fields of a finite corank are given below. 
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LEMMA 1.1. Afield K has corank < e if and only if for every finite Galois 

extension L of K the group if(L/K) is generated by e elements. 

PROOF. Suppose that tr l,...,tr~ are topological generators for ~(KJK). Then 

their restrictions to L, tr~ [ L, ..., tre I L generate if(L/K). 

Conversely, suppose that for every such L the finite set S(L) of all e-tuples 

(aa, ..., a~) E fg(L/K) ~ which generate if(L/K), is not empty. Then the inverse limit 

S = l imS(L) (with respect to restrictions) is not empty. Any element of S is a 
4.-- 

system of e topological generators for t(K,JK). Q.E.D. 

Denote by F e the free group generated by e elements. F~ has only a finite number 

N~(n) of subgroups of a given index n. This number may be calculated from the 

recursive relations 

n - I  

(1) Ne(1) = 1, N~(n) = n(n!) ~-1 - ~ [(n - i)!]'-lN~(i) 
i = 1  

(see Hall [6, p. 190]). We further denote by NLe(n ) the number of normal sub- 

groups of Fe of  index n. Obviously we have NL~(n) < N,(n). 

Consider now an arbitrary group G generated by e elements. Then there exists 

an epimorphism 0 : F,  ~ G. The map H ~ 0-  ~H is an injective map of the set of 

subgroups H of G of index n into the set of subgroups of F~ of index n. Indeed, if 

xl ,  "-,  x, are coset representatives of G modulo H and if zl,  ..., z, are elements of 

F e which are mapped by 0 onto x~, ..., xn respectively, then z~, ...,zn are cosets 

representatives of Fe modulo 0- IH. If H is a normal subgroup of G then 0-  ~H is 

a normal subgroup of Fe. 

Hence we have the following lemma. 

LEMMA 1.2. I f  a group G is generated by e elements then the number of the 

subgroups (respectively, the normal subgroup) of G of index n is -< N~(n) (res- 

pectively, ~ NL~(n)). 

LEMMA 1.3. I f  a profinite group G is topologically generated by e elements 

then the number of its closed subgroups (respectively, closed normal subgroups) 

of index n is < N~(n) (respectively, < NL,(n)). 

PROOF. Let J l ,  "", J,, be m distinct closed subgroups of G of index n. Then we can 

find a normal closed subgroup J of G of finite index which is contained in each of the 

J l ,  "", J,~. The quotient group G/J will be a finite group generated by e elements 

and Jx/J, ..., Jm/J will be m distinct subgroups of G/J of index n. By Lernma 1.2, 
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m ~_ N,(n). Similarly we prove that in G there are no more than NL,(n) closed 

normal subgroups of index n. Q.E.D. 

COROLLARY 1.4. Let K be a field of corank < e. Then the number of the 

separable (respectively, Galois) extensions of K of degree n is < N~(n) (res- 

pectively, < NL~(n)). 

2. The free group and the free prolinite group with e generators 

Consider the free group Fe with e generators. I f  we take the family of all normal 

subgroups N, of Fe of finite index as a basis of the open neighborhoods of 1 then 

F~ becomes a topological group. Its completion ~e = li._m Fe/N~ is called the free 

profinite group with e generators. There is a canonical topological imbedding of 

F~ in Pe in which every element x e Fe is mapped into the system {xN~}. Thus we 

shall consider Fe as a topological subgroup o f / e  e. If  z t , "  ", ze are generators o f / e  

and G is any profinite group generated by e elements al,  "", a~ then the map 

zl ~ a~,..-, z, ~ a,  can be extended to a continuous epimorphism of P~ onto G. 

This property of Pe also characterizes it (see, for example, Ribes [15, Sect. 7]). 

A basis for the open neighborhoods of 1 in _~, are all the kernels of the epimor- 

phisms o f / e  onto finite groups which are generated by e elements (see Ribes !15, 

p. 23]). It follows that every element of P, can be approximated by a sequence of 

elements of F,. If  A is any subset of je, then we denote its closure by ,~. 

LEMMA 2,1. The map 3, : H ~ /7 is a bijective map of the family ~ of all 

subgroups o f f  e offinite index onto the family ~ of all closed subgroups of 1~ of 

finite index. For H ~ ~ we have (F~ : H) = ( ~  :/7). Moreover, H is a normal 

subgroup of F~ if and only i f /7  is a normal subgroup of l~e and in this case we 

have an isomorphism Pe//7 ~- FJH. 

PROOF. (i) The map 3' is injective. Every H eoW is a closed subgroup of F,. 

Hence H = / 7 / 3  F,. It follows that 3, is injective. 

(ii) I f  x~,..., x, is a system of representatives of F ,  modulo a subgroup H e,YY 

then it is also a system of representatives of Pe modulo /7. Indeed, since 

H = /7 n F~, the xl, "", x~ are distinct modulo H. Thus, we have only to show 

that each of the elements of P~ lies in one of the cosets/Txj, 1 < j < n. Indeed, let 

z e/~e; then there exists a sequence of elements z~ �9 Fe which converges to z. For  

every i there exists a 1 ~ j(i) ~_ n and an hi �9 H such that zi = hixj~). Since/7 is 

compact we can assume that h~ converges to an element h�9 and that 
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j(i) = j is fixed. Hence after taking the limit we have z = hx 1. This proves (ii). It 

follows from (ii) that: 

(iii) For H e , ~  we have (Fe :H) =(.P, :/q). The first part of the lemma follows 

now from (i), (iii) and Lemma 1.3, since Fe has exactly N~(n) subgroups of index 

n. The second part of the theorem is proved in a similar way. Q.E.D. 

We note that Lemma 2.1 does not hold for closed subgroups of infinite index. 

For example, for e = 1, we have F 1 = 7/ and Pl = Z = I I  ~zp where ~_p is the 

additive group of the p-adic integers and it is known that Z does not have sub- 

groups of infinite index (exept 0) while ~_ has closed non-trivial subgroups of 

infinite index. 

PROBLEM 1. IS every subgroup o f / ~  of finite index, closed in Pc? 

We prove now the following characterization for the P,. 

LEMMA 2.2. Let G be a profinite group of rank < e. Then G is topologically 

isomorphic to 1r if and only if G has for every n exactly N~(n) (respectively, 

NL~(n)) closed (respectively, closed normal) subgroups of index n. 

PROOF. The necessity of the condition follows from Lemma 2.1. We shall prove 

that it is also sufficient. Indeed, let G be a profinite group of rank ~ e, and suppose 

that for every n => 1 G has exactly Ne(n) closed subgroups of index n. Then there 

exists a continuous epimorphism 0 : / e  __} G. Let Jn.~, J = I , . . . ,  N,(n) be the closed 

subgroups of G of index n. Put In.~ = O-l(J~q),j = 1, . . . ,N~.  Then the I , j  are 

closed subgroups of P~ of index n and they are all distinct. Since Pe has exactly 

N~(n) closed subgroups of index n, the 1, ~ are all of them. Let now x E / e  and 

suppose that O(x) = 1. Then O(x) E Jn j for every n > 1 and for every 1 ~ j < N,(n). 

Hence x belongs to all the In4. But this means that x belongs to every subgroup of 

/r of finite index. Hence x = 1. 

We have therefore proved that 0 is a continuous isomorphism. Since both _ie 

and G are compact and Hausdorff, 0 is also a homeomorphism. 

One proves the statement concerning the normal subgroups in an analogous 

way. Q.E.D. 

As a corollary we obtain the well-known following result (see Binz, Neukirch, 

Wenzel [3, p. 108]). 

LEMMA 2.3. I f  J is a closed subgroup of 1r of index n then ,] is topologically 

isomorphic to Ps where f = 1 + n(e - 1). 

PROOF. By Lemma 2.1, J is the closure in ~ of a subgroup J of Fe of index n. 
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The subgroup Jis  isomorphic, by a theorem of Nielsen and Schreier, to Fr (see 

Kurosh [9, pp. 28, 36]). Lemma 2.1 then implies that J has exactly Ns(m ) closed 

subgroups of index m for every positive integer m. Hence, by Lemma 2.2, .T ~ /r 

A further application is the following. 

THEOREM 2.4. Let G be a profinite group of rank ~ e. Then G is topologically 

isomorphic to Pe if and only if every finite group with e generators is a con- 

tinuous homomorphic image of G. 

PROOF. The necessity of the condition is clear. In order to prove its sufficiency 

we put N=Ne(n) for  a fixed positive integer n and let H~,-.., HN be all the sub- 

groups of Fe of index n. Then J = H1 n ... n HN is a normal subgroup of F~ of 

finite index. By our assumptions there exists a closed normal subgroup J '  of G 

such that G/J' ="~ FJJ.  Hence there exist N distinct subgroups, Hi,' .-., HN,' of G 

which contain J '  such that Hl'/J' corresponds to Hi[J, i = 1, ..., n, under the 

isomorphism. The Hj are closed subgroups, since J is such, and they all have the 

index n in G. Thus the number of the closed subgroups of G of index n is N~(n). 

Since this is true for every n we have, by I.emma 2.2, that Gis topologically iso- 

morphic t o / e .  Q.E.D. 

REMARK. Similar characterizations with analogous proofs hold for the dis- 

crete free groups Fe. 

3. Symmetric extensions of  a hilbertian field 

Hilbertian fields are the fields k which have the following property: For every 

irreducible polynomial f ~ k i T  1, .-.. TIn, X1, "", Xn] and for every Zariski non- 

empty open set U _~ S m the set of (al ," ' ,am) ek  m n U  for which 

f ( a t , ' " ,  am, X1, ' " ,  Xn) is irreducible in k [ X l , ' " ,  Xn] is nonempty. Such sets are 

called k-hilbertian sets. It is known that if l is a finite separable extension of a 

hilbertian field k then every l-hilbertian set contains a k-hilbertian set (see Lang 

[13, p. 152]), Furthermore, let f e  k[T1,. . , ,  Tin, X] be an irreducible polynomial 
whose Galois group over the field k(T~, ..., T,,) is isomorphic to a group G. It is 

well known that the set of all the m-tuples (at , ' " ,  am) ~ k m for whichf(al, ..., an,, X) 

is irreducible and separable over k with a Galois group G, contains a k-hilbertian 

set (see Kuyk 1-10, p. 396]). If the Galois group o f f  over l(T1, ..., Tin) remains 

unchanged then we can find an m-tuple (a l , ' " ,am)Ek  '~ such that the Galois 

groups off(a~, ..., a,~, X) over k aad I are isomorphic to G (since the intersection 
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of two k-hilbertian sets is never empty). In this case the splitting field l' of 

f ( a l ,  "", am, X)  over k is a Galois extension of k, with a Galois group G, and it is 

linearly disjoint from l over k.'!n particular we can consider the general polynomial 

of degree m, 

f (T1 , . . . ,Tm,  X ) = X m + T I X  ~-1 + ... + T~. 

It is well known that for every field I the Galois group o f f  over l(T~,.. . ,  Tin) is 

isomorphic to the symmetric group S~ (see Lang [14, p. 201]). Hence we can con- 

struct by induction a sequence of Galois extensions l~, 12, 13,"" of k with Galois 

groups Sm such that li+l is linearly disjoint from 11 "'" li over k for every i _~ 1. A 

sequence of extensions with the last property is said to be linearly disjoint I-8, p. 

70]. We formulate this result as a lemma. 

LEMMA 3.1. Let k be a hilbertian field and m a positive integer. Then we can 

construct a linearly disjoint sequence {li/k}i~=l of Galois extensions such that 

c-#(li/k) ~- Sm for every i. 

4. The Haar measure of a Galois group 

Let k be a field. Then it is well known that the Galois group N(ks/k ) is compact 

with respect to its Krull topology. There is, therefore, a unique way to define a 

Haar measure # on the Borel field of subsets of N(kJk) such that I~(N(k,/k)) = 1. 

If I is a finite separable extension of k then #(N(kJl)) = 1/[1 : k]. We complete # 

by adjoining to the Borel field all the subsets of sets having measure 0 and denote 

the completion also by #. More generally, for a positive integer e we shall consider 

the product space N(ks/k) e and denote by/~e or # again the appropriate completion 

of the power measure. It coincides with the completion of the Haar measure of 

~(kJk)  e. 

The following lemma is a generalization of [8, Lemmas 1.9 and 1.10]. Its proof 

is analogous. 

LEMMA 4.1. Let k be a hilbertianfield and let {ki/k}~= l be a linearly disjoint 

sequence of finite Galois extensions. For each i let Ai be a nonempty subset of 

~(klJk) ~ and put A, = {(~) ~ f#(kJk)~l(al ki) ~ "~}" Then the sequence of sets 

{Al}l~ 1 is independent in the probabilistic sense. I f  

then ~= t 
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If  we combine Lemma 3.1 with Lemma 4.1 we obtain the following lemma. 

LEMMA 4.2. Let rq, "",ne be e elements of Sin, and let k be a hilbertian field. 

Then for  almost all (o)~f~(k,/k) e there exists a continuous epimorphism of  

f#(kJk) onto S~ which maps a l , " ' ,  oe onto ~1," ' ,  rr respectively. 

We shall use the notation A ,,~ B for two measurable subsets A, B of fg(kJk) e to 

denote that the symmetric difference of A and B has the measure 0. Similarly 

A ~ B will mean that/~(A - B) = 0. 

We shall frequently use the fact that the intersection of a countable set of sets of 

measure 1 is again a set of measure 1. 

5. The free generators theorem 

For a field k and e elements a~,..., a, ~ fg(kJk) we denote by ( a t , ' " ,  ae) (or also 

by (o) )  the closed subgroup of fg(kJk) generated by al ,  " ' ,  ae. Clearly ( o )  

= Cg(k,/k,(o)). The e-tuple (o) is said to be topologically free i f ( o )  is topologic- 

ally isomorphic to -Pc. 

If I _~ L are two Galois extensions of~k and if (o) ~ fg(L/k) ~ then we denote by 

l(o) = l(at , . . . ,  a~) the fixed field of (o [ l) in I. It is clear that l n/ . , (o)  = fro) and 

hence that I and L(o) are linearly disjoint over l(o). 

Our  basic result can now be formulated as follows. 

THEOREM 5.1. Let k be a hilbertian field and let e , f  be two positive integers. 

Then almost all (o) ~ ~ (kJk )  ~ are topologically free. Furthermore, for  almost all 

(o,'r ~ f~(k,/k) e x fg(kJk): we have k~(o), ks(~) = k, and ( o )  n (~)  = 1. 

PROOF. For a positive integer n let N I , ' " ,  Nh, h = NL,(n),  be all the normal sub- 

groups of F~ of index n. Put N = NI n ... n Nh and G = FJN.  Then G is a 

finite group generated by e elements and it contains exactly h normal subgroups of 

index n. We embed G in a symmetric group S,, and construct, by Lemma 3.1, a 

linearly disjoint sequence {ki/k}~= 1 of Galois extensions such that fg(kt/k ) ~_ Sm 

for every i. We can find now for every i an intermediate field k _~ k/_~ ki such 

that f~(kJk~) ~- G. We choose e generators O~l, "", ot~ for fg(kt/k;), put 

T~, = {(o, z) e ~(ks/k) e+s I( 1 k,) = (o,) and (,[ k~) = (1)} 

and let 

T . =  ~J T~. 
1=1 
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By Lemma 4.1, Tn has the measure 1 in fg(kJk) ~+~ and its projection on the first e 

coordinates has the measure I in cS(kJk)e. 

Let now (4, r e Tn. Then there exists an i such that ks --- ks(c) and ka(o) n ks 

= k~. Hence, if we put K = ks(6 ) �9 ks we have K ~_ ks(o ) �9 ks(c ) and f~(K/k~(o)) 

-~ G. This implies that K/ks(o ) has exactly h Galois subextensions of  degree n. 

Since by Corollary 1.4, ks(~) has no more then h Galois extensions of degree n 

altogether, we obtain that all of  them are contained in ks(o ) �9 ks(x). 

~o T T '  Let now T = (] n = 1 n and put for the projection of T on the first e coor- 

dinates. Then T and T '  have the measure 1 in fg(kJk) ̀ +I and fg(kJk) ~ respectively. 

If(q,  x) ~ Tthen ks(o) has exactly NLe(n) Galois extensions of degree n for every n 

and hence, by Lemma 2.2, ( 0 )  is topologically isomorphic to Je e. Furthermore, 

every finite Galois extension of/cs(~) is contained in ks(it) �9 ks(x). Hence ks(o), ks(c ) 

= ks. Obviously this means that ( 0 )  n (x )  = 1. Q.E.D. 

REMARK. Theorem 6.1 can be considered as a generalization of a result of 

J. Axl l ,  p. 177] which states that for almost all a ~ fg(~./Q), (~ )  ~- ~_. 

6. Classes of (al ,  . . . ,  ae) 

The Free Generators theorem implies in particular that if k is a hilbertian field 

then for almost all the (0) E f~(ks/k) ~ the groups (~ )  are isomorphic to one another. 

It may be asked whether the reason for this phenomena is that the fields ks(o ) are 

already isomorphic to one another. In this section we shall show that this is far 

from being the case and in fact for each (0') ~ ~(kJk)" there exists only a zero set 

of  (0 ')E fg(ks/k) ~ such that ks(o) ~ k ks(6'). We begin by stating the following 

lemma. 

LEMMA 6.1. Let k be afield and let (tr), (0')~ fg(ks/k) ~. Then ks(t 0 "~ k ks(~') 

if and only if there exists a z ~ f~(kJk) such that ks(o ) = ks(ztr'z- 1). 

PROOF. Clear. 

I f  k is a field then we denote by kab the maximal abelian extension of k. 

LEt, tMA 6.2. Let k be a hilbertian field and let trl, . . . ,a,  efg(kJk). Then 

kob(~) is an infinite extension of k. 

PROOF. Assume that kab(o) is a finite extension of k. Put m = Ne(2) + 1 and 

consider the polynomial X 2 - X - T. This is an absolutely irreducible polynomial 

and it is separable with respect to X. Since k is a hilbertian field we can find 

a l , ' " ,  am ~ k such that X 2 - X - a j, j --- 1,.-., m, is irreducible and separable 
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over kob(a) and such that if bj is a root of X 2 - X - aj then the m fields 

k,(a)(bl), ..., k,(a)(b~ are linearly disjoint over k,(a) [8, p. 74]. The bl,- '- ,  bm 

belong to kob. Hence the Galois group ~(koJkob(a)) has at least m closed subgroups 

of index 2. But its rank is _~ e. Hence it follows from Lemma 1.3 that m _~ Ne(2), 

which is a contradiction. 

PROBLEM 2. It is known that if k is a hilbertian field then kob is also hilbertian 

(see Kuyk [11, p. 113]). Are the fields k~(a) hilbertian? 

THEOREM 6.3. Let k be a hilbertian field and let t~l, ..., tre~ ~(kJk). Put 

S(o) = {(o') e ~(ks/k) ~ [ k,(a') ~--k ks(a)). 

Then S(a) is a closed subset of  ~(kJk) ~ of measure zero. 

PROOF. Let (p) belong to the closure of S(o) in ~(ks/k) ~. Then for every finite 

Galois extension L of k there exists (a ' ) e  S(a) such that (o ' lL )  =(p IL). For (a') 

there exists a ~e ~(kJk) such that ks(a ) = ks(~a'z-1). Hence L(a) = L(~a'z -1) 

= L(~pz- 1). We conclude that the closed set T(L) of all z ~ ~(kJk) such that 

(1) L(o) -- L(zpz -I) 

is not empty. It is clear that if LI, "", Lm is a finite family of finite Galois extensions 

then 

T(LI ... Lm) ~- ~ T(Lj). 
.I=I 

Hence by compactness we can find a z E ~(kJk) for which (I) holds for every L. 

For such a z we shall have ks(a ) = k,(zp z- I). Hence, by Lcmma 6.1, ks(p) ~k ks(g) 

and thus (p) e S((~). 

Wc have therefore proved that S(g) is closed. In order to prove the rest of the 

theorem wc consider a (a')~ S(g). Hence kob(a) = kob(Za'z -I) = kob(a') and 

therefore (g')~ ~(kJkob(O)). It follows that S(a) _ fr But by I_emma 

6.2, kob(a)/k, is an infinite extension, hence p(f~(kJkob(a)) ) = 0 and thus S(o) is a 

zero set. Q.E.D. 

The condition ks(a ) ~ k~(a') obviously defines an equivalence relation on the 

group fg(ks/k) ~ and the S(a) are the equivalence classes modulo this relation. In 

the following scction we shall find how many equivalence classes do exist in 

~(ks/k) e. 
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7. The number of the classes of the (al, .- . ,  o',) 

Let k be a hilbertian field and let S be a subset of  ~(kJk )  e of  positive measure. 

Theorem 6.3 implies that there are more than No non-equivalent e-tuples (e) in S. 

Therefore, if we accept the continuum hypothesis 2 ~~ = Nl, then there are at least 

2 ~~ non-equivalent e-tuples in S. In what follows we prove this fact without 

assuming the continuum hypothesis. 

THEOREM 7.1. Let k be a hilbertian field and let S be a subset of ~(k, /k)  ~ of 

positive measure. Then there are at least 2 ~~ e-tuples in S. 

PROOF. By the regularity of the Haar measure we can find a closed subset of S 

having a positive measure. Hence we can assume, without loss of generality, that S 

itself is already closed. 

We construct, as in the proof  of  Lemma 6.2, two sequences at ,  a2, a3, "'" ~ k and 

bl, b2, b3,"" ~ k~, such that b 2 - bi - al = 0, [k(b~) : k] = 2 for i ~ 1, and such 

that the sequence of fields {k(bl)}~ 1 is linearly disjoint over k. For  every i ~ 1 

we put 

A, = ~(kJk , )  ~ B, = f f (kJk)  e -  f f(kJk,)  ~. 

These are closed sets in ~(k, /k)  ~ and we have 

1 1 
/z(Al) = 2-~ #(Bi) = 1 2~ . 

Further we denote by C~ a variable which assumes either the value A, or the value 

B I. It follows from our construction and by Lemma 4.1 that every sequence of the 

form (Cx, C2, C a , ' "  ) is independent in the probabilistic sense. 

ASS~TION. There exists an ix such that for every i => ix, 

/ ~ ( S ~ A ~ ) > 0  and #(S n B ~ ) > 0 .  

Indeed, if such an i 1 did not exist we could have found for every positive integer n 

a set I of n positive integers such that for every i E I 

/~(SnA~)  = 0 or /~(SnB~)  = 0 

and hence that 

S ~Bi  or S ~ ~ At. 

Hence S ~ N l~ l  Cl for a certain n-tuple {Cl[ iEI} .  Therefore we would have 
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This inequality would have to hold for every n, hence we would obtain that 

#(S) = 0, which is a contradiction. 

By applying the same assertion to S (3 A h and to S r3 B h we can deduce 

that there exists an i 2 > il such that for every i => i2, 

# ( S ~ A t ,  A A 3 > 0  and # ( S o A  h n B t ) > O  

# ( S N B  h o A t ) > 0  and # ( S F ~ B  a n B i ) > 0 .  

Proceeding this way we find a sequence i t < i 2 < i 3 < . . .  of positive integers such 

that #(S n C~, o ... n Ct.) > 0 and hence S n C a o ... n Ci. # ~ for every 

n ~ 1 and for every n-tuple (C h, . . . ,  Ct.). All the sets involved are closed, hence it 

follows by the compactness of  r e, that S n 1"] oo C =1 j . ~  for every 

sequence (C, ,  Ci~, Ci~, "" ). 

Let now (Ch, Ct~, Ct~, "" ) and (C~, C~., C't~, "" ) be two distinct sequences and let 

n c , . ,  c;o. 
n = l  n = l  

Then there exists an n such that Ct. # C; .  Suppose, for example, that C~. = At. 

and that C~. = B~. Then the equation X 2 - X - a~ = 0 has a solution in k,( ,)  

but none in k,(, ') .  It follows that these fields are not isomorphic over k. 

There are 2 ~~ distinct sequences of C. Hence there are at least 2 ~~ non-equiva- 

lent (~) in S. Q.E.D. 

COROLLARY 7.2. I f  k is a hilbertian field then there are at least 2 ~~ non- 

equivalent e-tuples (~) in if(ks/k) e which are topologically free. 

We apply now Theorem 7.1 to a problem in model theory. Denote by T the 

theory of all the elementary statements which hold in almost all finite fields. Then 

it follows from [8, 3.5] and Ax[2, Th. 9] that ~(tr) is a model of  T for almost all 

a ~ ff(O./Q). Hence, by Theorem 7.1, there are at least 2 t~~ non-isomorphic models 

for T among the ~(tr). Since their number can not exceed 2 ~~ it is exactly 2 ~~ Thus 

we have proved the following theorem. 

THEOREM 7.3. The theory of all elementary statements which hold in almost 

all finite fields has exactly 2 t~~ non-isomorphic models which are algebraic 

over Q. 
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8. Elementary properties of the group f#(k~/k) 

The Free Generators theorem implies in particular that if w(X~,..., X~) is a non- 

empty reduced word (in the sense of group theory) and k is a hilbertian field then 

for almost all (a~, ..., a~) e ~(kJk) ~, w(th, ..., tre) # 1. We wish now to generalize 

this result. In order to do it we consider the first order calculus language of the 

theory of groups. A normal perinex formula is a formula of the form 

QxXt "" Q~X= tP(x1,... ,x~) (e <= n), where each Ql is either the existential 

quantifier 3 or the universal quantifier V. A negative formula is a formula which is 

logically equivalent to a normal perinex formula of the above form, in which 

tP(X1, ..., X,) is a disjunction of inequalities. For example 

3x,vx~3x~[x~x~' ~ x,  v [x~x~ ~ x5/x x6'xsx~ ~ xsx~]] 

is a negative formula. It is easy to prove by induction on the number of the quanti- 

tiers that if ~b(X 1,"', X,) is a negative formula in the free variables X x, "", X,, if G' 

is a homomorphic image of a group G, if a,,..., a~ are elements of G and a t , " ' ,  a" 

are their images in G', then 

G I = q~ (a, ,  .-., a,) => O' l: q~(a',,---, a'). 

("G = qS" means " 4  holds in G".) 

THEOREM 8.1. Let k be a hilbertian field and let $(Xt ,  ..., X,) be a negative 

formula in the free variables X, ,  . . . ,X,. Suppose that there exists a positive in- 

teoer m such that 

then 
S,,, ~ 3X~ ... 3X , :$ (X , , . . . ,X , ) ;  

~(kJk) ~ dp(at,...,tTe) 

for almost all (~rz,--., ae) e qC(kJk) e. 

PROOF. Let ~1, ' " ,  7rm be elements of Sm such that Sm ~ ~0r l , . . ' ,  zQ. Then, by 

Lemma 4.2, there is for almost every (trl, ..., ~r)e ~(k~/k) ~ an epimorphisrn of 

(r onto Sm which maps trl,-.-, ~r onto zq, ..-, lr~ respectively. Hence oy the 

above remark we have that qC(ks/k) ~ ~b(tzt,-.., o-~). Q.E.D. 

By applying Theorem 8.1 to specific negative formulas we obtain the following 

corollary. 

COROLLARY 8.2. Let k be a hilbertian field. 

(i) I f  w(Xa,...,Xe) is a nonempty reduced word then w(o'l,...,~r~) # 1 for 
almost all (tr) ~ ff(kJk)L 
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(ii) For almost all (a,~)~ ~(kffk) 2 we have that u z ~  ~a. 

(iii) The set of all nontrivial powers of the elements of fg(kJk) is of measure 

zero. 

(iv) Almost no two elements of ~(ks/k ) are conjugate to each other. 

PROOF. (i) It is known that there exists an m such that w(Xl ,  ..., X,) = 1 is not 

an identity in S,, (refer to Kurosh [9, p. 42]). The corresponding negative formula 

is w(Xx , ' " ,  X~) # 1. 

(ii) This is a consequence of (i) for the special case in which w(X1, X2) 

= X 1 X 2 X Z  XX~ 1. 

(iii) Let n > 1 be an integer and consider the cycle (1 ... n) in S,. For this cycle 

we have (1 ... n)" = 1. This implies that the map x ~ x" of S, into itself is not 

injective, hence it is also not surjective. It follows that S, contains an element x 

such that S, ~ VY : Y~ # x. Theorem 8.1 therefore implies that the set of all 

n-powers in f~(kJk) is a zero set. If  we take the union over all n ~ 2 we obtain 

that almost no element of ~(kffk) is a nontrivial power. 

(iv) This follows from the fact that, for example, in $2, xx = (1) and x2 = (1 2) 

are not conjugate, that is, $2 ~ V Y : Yx 1 Y-1  ~ x2. We note that this result can 

also be derived from Theorem 6.3. 

PROBLrM 3. Let ~b(Xx, ...,X~) be an arbitrary formula of the first order lan- 

guage of the theory of groups with the free variables X~,... ,  X,. Let k be a hilber- 

tian field. Is it true that the subset 

{(o) ~ ~(k, /k) ' l fC(kJk) ~ q~(al,"', a,)} 

of ~(kffk) + is measurable? 

9. The Bottom theorem 

Corollary 8.2 (iii) states that if k is a hilbertian field, then for almost no 

a e ~(g,/k) there exists a ~ e f#(kJk) and an integer n > 1 such that ~ = a. In this 

section we intend to generalize this result, first by considering e-tuples of elements 

of ~(k, /k)  rather then the elements themselves and second by letting the as be in 

the closed subgroup generated by the z~ rather then in the discrete group generated 

by them. More precisely, we prove the following theorem. 

THEOREM 9.1. Let k be a hilbertian field. Then for  almost all (o)~(g(kffk)  e 

there does not exist a (~) ~ ~(kffk)  ~ such that k,('r is properly contained in k~(tt). 

PROOF. We begin our proof by introducing certain maps attached to elements 
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of  ~ and profinite groups. Let z t , . . . ,  ze be free topological generators of Pe. For  

every e-tuple (v) 6 P~and every profinite group G we define a map % : G ~ ~ G ~ in 

the following way: Let (a)6 G';  then there exists a unique continuous homomor- 

phism 0, : Je e ~ G which maps z t , . . . ,  ze onto a t , ' " ,  a ,  respectively. We set 

v~(a) = (Oo(v~),...,O.(o~)). 

ASSERTION 1. If  H is a closed subgroup of G and if at ,  " ' ,  a ,  E H, then 0o maps 

P~ into H. Hence v G ]H e = o n. 

PRooF. Clear. 

ASSERTION 2. If  r~ is a continuous homomorphism of  G into a profinite group 

G then the following diagram is commutative. 

VG 
G �9 , G e 

' i 
7~e~ ~e 

VG 

PROOF. Let ( a ) ~ G  e and let ( ~ ) =  he(a). The continuous homomorphism 

~" 0o :-#~ --* G satisfies the relation (~- Oo)e(z) = (~). Hence n" 0~ = 0a and we 

have 

V~(~e(a) = vO(a~ = 0 ~ ( 0  = ~ e ( 0 . * ( 0 )  = ~e(v~(a)), 
that is, 

VG . ~e 1 ~e . i~G. 

ASSERTION 3. The map v~ is continuous. 

PROOF. Let (a) e G e and put (b) = vG(a). Consider an open neighborhood V of 

(b). V must contain a set of  the form V'  = {(b') ~ G*t r~(b ') = TrY(b)}, where r~ is 

a continuous epimorphism of G onto a finite group (7. The set U = {(a') ~ Ge[Tre(a') 

= ~e(a)} is an open neighborhood of (a), and Assertion 2 implies that it is mapped 

by v~ into V' .  Hence v~ is indeed continuous. 

For  every positive integer m we set v= = V s .  

ASSERTION 4. If the maps vm are surjective for every positive integer m then the 

maps v~ are bijective for every profinite group G. 

PRooF. Let G be a finite group. Then G may be considered as a subgroup of Sm 

for some m. Since S~ is a finite set, our assumption implies that v= is injective. 

Therefore, by Assertion 1, % = v= ] G is injective and hence also surjective. 
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Consider now an arbitrary profmite group G. Let (a), (a') �9 G e be two distinct 

elements. Then there exists a continuous epimorphism n of G onto a finite group 

G such that rd(a) # ne(a'). It follows, by what we have proved, that va(Tte(a)) 

# vc(Tte(a')). Hence, by Assertion 2, v~(a) # vG(a'). This means that vG is injective. 

We now prove that it is also surjective. Let (b)e G ~ and let rc be a continuous 

epimorphism of G onto a finite group G. Then there exists an (a-) �9 (7 ~ such that 

va(a) = ne(b). Choose now an element ( a ) �9  G* such that 7~e(a) = (a). Then, by 

Assertion 2, we have that 7~e(vo(a)) = 7re(b). This argument implies that (b) is con- 

tained in the closure of the set v~(GO. But this set is closed since G ~ is compact and 

Haussdorf and v~ is continuous. Hence (b) �9 vG(Ge). Thus v~ is surjective. 

ASSERTION 5. If the maps v= are surjective for every positive integer m, G is a 

profinite group, (a) �9 G e and (b) = v~(a) then ( a )  = (b) .  

PROOF. Assertion 1 implies that (b )  _ ( a ) .  Conversely, Assertion 4 implies that 

the map V~b~ is surjective. Hence there exists an (a') �9 ( b )  e such that V<b~(a') = (b). 

Thus, by Assertion 1, %(a') = vG(a ). But v~ is injective, by Assertion 4, hence 

(a') = (a). Hence (a) �9 (b)  ", which completes the proof of our assertion. 

We come now to the proof of our theorem itself. 

We put fr = fr and we denote by S the set of all (e) e fr for which there 

exists a (~)�9 ff~ such that ks(z) c ks(~ ). For every positive integer m and every 

(b) �9 S~ we denote by S(b) the set of all (~) �9 f#e for which there does not exist a 

continuous epimorphism of fr onto $~, which maps (~) onto (b). By Lemma 4.2, 

S(b) has the measure 0. Since there are only a countable number of S(b) it suffices 

to show that S is contained in the union of the S(b). 

Let (e) �9 S. Then there exists a (z) �9 ff" such that ks(x) c ks(*). Let 0, be the con- 

tinuous homomorphism of P, into ff which maps zl, ..., ze onto q ,  ..., % respec- 

tively. The homomorphism 0, maps P, onto (~). Hence there exists a (v) �9 such 

that O~(v) = (,), that is, that v,(,)  = (~). The groups ( , )  and (x) are not equal, 

hence there exists by Assertion 5, a positive integer m such that the map v~, is not 

surjective. For this m there exists a (b) �9 S~ - v=(S~). For this (b) there does not 

exist a continuous epimorphism rc of fr onto Sm which maps (e) onto (b), because 

otherwise we would have had 

(b)  = n ' ( o )  = ~ ' ( v , ( 0 )  = v . ( n ' ( , ) ) � 9  

which is a contradiction. Therefore (~) e S(b). Q.E.D. 
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10. Substitutions in irreducible polynomials 

Consider again a (~) ~ (g(ks/k) e selected at random. We already know that ks(~) 

contains no proper subfields K containing k of corank =< e. It certainly contains 

fields having higher corank. However we want to show that if their index is finite 

then their Galois groups are torsion free. Since elements of finite order of ~(k,/k) 

are strongly connected with formal real fields we must develop some technique to 

handle irreducible polynomials over hilbertian formal real fields. In particular we 

prove that if k is a hilbertian ordered field then its hilbertian sets are dense in k" 

with respect to the order topology. 

We begin by proving a rather general lemma. 

LEMMA 10.1 (W.D.Geyer). Let F(T, X) be an irreducible polynomial in the 

variables (T, X) = (T, XI , ' " ,  X,) over a field k, and let g(Y) be a nonconstant 

polynomial with coefficients in k in the variables (Y)  = (Y1, "", Ym). Assume 

that g ( Y ) - c  is absolutely irreducible for every c ~ .  Then the polynomial 

F(g( Y), X) is irreducible in k[X, Y]. 

PROOF. If  T does not appear in F(T, X) then the statement is obvious. We 

therefore suppose that the degree of F(T, X) in T is positive. 

Let V be the k-algebraic set defined in the affine space S ~ +,+m by the equations 

F(T, X ) =  0 and g ( Y ) =  T. This set is not empty. Moreover the polynomial 

g( 10 - T does not vanish on the variety V(F). Hence by the Dimension theorem 

(see Lang [12, p, 36]) we have that all k-components of V have dimension 

n + m - 1. Let now (t, x, y) and (t', x ' ,  y ' )  be two points of V having dimension 

n + m - 1 over k. Then dimk(x) = dimk(X') = n. Hence, since F(T, X) is irreduc- 

ible there exists a k-isomorphism 0o :k(t, x) -~ k(t', x') for which Oo(t) = t' and 

00(xi) = x~', i = 1, ..., n. Again, since dimk(t, ,)(y) = dimko" x')(Y') = m -- 1, and 

g ( Y ) - t  is irreducible over k(t,x) we can extend 0o to an isomorphism 

0 : k(t, x, y) --* k(t', x', y') such that O(yl) = y], j = 1,..., m. This means that V has 

only one k-component, that is, V is irreducible over k. 

Consider now a generic point (t, x, y) of V over k. Then (x, y) is a generic point 

of the projection V' of V on the space S "§ in the variables (X, Y). Since t = g(y) 

we have that dim V' = dim V = n + m - 1. V' is therefore a k irreducible hyper- 

surface in S "+ ' .  Hence there exists an irreducible polynomial H ~ k[X, Y] which 

generates the ideal of all polynomials in k[X, Y] which vanish on V' (see Well 

[18, p. 74]). It  is clear that H vanishes on the algebraic set defined by the equation 

F(g(y), X) = 0; hence, by Hilbert Nullstellensatz, we have an equation of the form 
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H(X, Y)' = F(g(Y), Y)e(X, Y) 

where r ~  1 and G e k[X, Y]. Since H(X, Y)is irreducible there exists an 1 < s < r 

such that 

(1) F(g(Y), X) = H(X, Y)'. 

If  s = 1 we are done. Suppose therefore that s > 1. Then (1) implies 

dF (t, x) = s H(x, y)~- I dH (2) ax,  ~ ( x ,  y) = 0 i = 1,..., n 

3F ag ~ 1 3H 
(3) -aT (t'x)~-'(y)U,j = s n ( x , y ) -  o,j~-~-(x'Y) = 0 j = 1,. . . ,m. 

But (t, x) is a generic point of the k-variety defined by the irreducible polynomial 

F(T, X) in S I +~. Hence it follows from (2) that ~F/dT(t, x) ~ O. On the other 

hand since yt , . . . ,  Ym are algebraically independent over k and g(Y) is irreducible, 

there exists a 1 < j < m such that ~g/dYj(y) ~ O. This contradicts (3). 

Q.E.D 
We generalize Lemma 10.1 as follows. 

L ] ~ A  10.2. Let k be a field and let F~k(TI , . . . ,T , ) [X1 , . . . ,X , ]  be an 

irreducible polynomial. Let gi ~ k[ Yi l , ' " ,  YJm], i = 1,..., r, be nonconstant poly- 

nomials for which gl( Y~) + c is absolutely irreducible for every c e Tc. Then the 

polynomial F(g(Y), X) = F(gl( Yl), '",  g,( Y,), X I , ' " ,  X~) is defined and irreduc- 

ible in k( Y)[X]. 

PROOF. (i) Assume first that F e k iT1 , ' " ,  T,, X l , ' " ,  X~] is an irreducible poly- 

nomial. In this case we can substitute successively T, = g,(Y,), T , - I  

= g,-  t ( Y,- l), "-, TI = gl(Y1) and obtain from 1.emma 10.1 in r steps that 

F(g(Y), X) is irreducible in kl- Y, X]. 

(ii) In the general case we can write F in the form 

O(r) F~(T, X) F(T, X) = ~(r---~ 

where G, H �9 k iT]  are nonzero polynomials and F1 e kET, X] is irreducible. It is 

clear that G(g(Y)), H(g(Y)) ~ O. Hence, by (i), F(g(Y), X) is defined and irreducible 
in k(r) [X] .  

In particular we can choose g~(Y~) -- Y~I + Y~2 + Y~a. If  char(k) r 2, then 

gJ(Yi) + c is absolutely irreducible for every c e ~. Hence, as a corollary of Lemma 

10.2, we have the following lemma. 
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LEMMA 10.3. Let k be a field with cha r (k )#  2 and let F e k ( T~ , . . . , T , )  

[Xt,  "", Xn] be an irreducible polynomial. Then the polynomial 

F 2 2 Yaj,. . . ,  Y. . , X .  Yrj, X1,. .  
j = l  

is defined and irreducible in k( Y)[X]. 

11. Formal real fields 

LEMMA 11.1. Let k be a hilbertian formal real field, and let H be a hilbertian 

set in k'. Then for every 2r rational numbers al < bt, "", a, < b, there exists a 

point (z l , . . . ,  z,) �9 H such that in every ordering of k we have ai < zi < bi for 

i = 1, . . . ,r .  

PROOF. For convenience we prove the lemma only for the case r = 1, the proof 

of the general case is analogous. 

We are given irreducible polynomials Fx�9  k(T)[X 1, -..,Xn], 2 = 1, ..., l, and 

two rational numbers a < b. Put c = 1/(b - a). Then the polynomials 

Fx(a+(1/(c + T) ,X) are also irreducible in k(T)[X]. By Lemma 10.3 the poly- 

nomials Fx(a +(1/(c + g2 + y2 + y2)), X) are defined and irreducible in k( Y)[X-I. 

Therefore there exist yt,  y2, y a � 9  Yl # O, such that the polynomials 
2 Fx(a + (l/(c + y2 + y22 + Ya)), X) are defined and irreducible in k[X]. Put 

z = a  + (1/(c + y2 + y2 + y2)). Then a < z < b in every ordering of k and the 

Fx(z, X) are defined and irreducible in k[X]. Q.E.D. 

We use Lemma 11.1 to construct a special linearly disjoint sequence of exten- 

sions of k. 

LEMMA 11.2. Let k be a hilbertian formal real field and let m >__ 2 be an in- 

teger. Then there exists a linearly disjoint sequence {ki/k}~~ t of Galois extensions 

such that for every i, f f(kdk ) =Sm and kdk has an absolutely imaginary 

quadratic subextension k~/k. 

PROOF. It is sutticient to prove that for every finite extension L of k there exists 

a Galois extension K/k  which is linearly disjoint from L/k and which contains a 

quadratic absolutely imaginary subextension K'/k.  

Let A(T) be the discriminant of the general polynomial of degree m, f ( T ,  X)  

= X = + T t X  "-1 + ... + T,,. Let 

rn--2 

f ( e , x )  = ( x  + 2) I-[ ( x  - i) = x "  + c , X  + . . .  + c , .  
I = l  
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Then the ci are integers and A(e) < 0. Since A(T) is a polynomial with integral 

coefficients there exist rational numbers a t < b~, i = 1, ..., m, such that for every 

ordering o f k  and for every zl ,  ..., z m �9 k which satisfy at < zi < bi in this ordering 

we have A(z) < 0. (In fact it is sufficient to choose the a t and the bi in such a way 

that the statement will hold for zt real, since every real closed field is elementarily 

equivalent to the field of real numbers.) 

By section 3 and Lemma 11.1, we can choose Zl,. . . ,  zm �9 k such that the Galois 

group of the polynomialf (z ,  X) is isomorphic to Sm both over k and over L, and 

that ai < z~ < b ,  i = 1,..., m, for every ordering of  k. Let K be the splitting field 

o f f ( z ,  X) over k. Then fg(K/k) ~- Ss,  K is linearly disjoint from L over k and it 

contains the absolutely imaginary quadratic extension k(x/A(-z)) of  k. 
Q.E.D. 

12. Excluding the ease of elements of finite order 

We need the following group theoretic lemma. 

LEMMA 12.1 (I. Ritter, S. BOge). Let p be an odd prime, let e be the cycle 

(1 2 ... p) in Sp, and let N be the normalizer o f ( e )  in S r I f  re is an element of  N 

of  order 2 then rc �9 Ap i f  and only i f  p - 1 (rood 4). 

PROOF. By assumption there exists a 1 ~ i _< p - 1 such that ~ - l e~  = d.  

Since d(x)  - x + i(mod p) for every x we have that ~ -  1(1 + re(x)) =- x + i(mod p) 

for every x. Hence ~(x + zi) - z + ~(x) (rood p) for every x and z. Therefore, i f a  

satisfies ai - 1 (rood p) we have that ~(x + 1) = la + ~(x)(mod p) for every x and 

1. In particular if we put b = rffl) - ~(a) we have that 

(1) ~(y) = ay + b(mod p) u163 

Conversely, it is easy to verify that if 1 ~ a ~ p - 1 and b is arbitrary then ~, 

which is defined by (1), belongs to N. 

Let therefore rc be of the form (1) and let s be the order of a modulo p. Then the 

permutation x 4-+ ax(mod p) is the product o f (p  - 1)/s cycles of  length s (and one 

cycle of length 1, namely (p)). Its sign must be 

( _ 1 ) ( , -  1)(,,- ~)/.. 

Furthermore, the permutation y ~ y + b (rood p) is a cycle of either length p or 1, 

hence it is an even permutation (since p # 2). It follows that 

sign(~) = ( -  1) ('-  ~)(P- ~)/.. 

If  ~ is of  order 2 then s = 2  and our lemma follows immediately from the Ibrmula 
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sign(~) = ( -  1) ~p-~)/2. 
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Q.E.D. 

REMARK. It follows from the proof  that the order of N is p(p - 1), hence its 

index in Sp is (p - 2)! 

THEOXEM 12.2. Let k be a hilbertian field. Then  for  almost  every (~) ~ fr  

there does not exist  a �9 ~ f f ( kJk) ,  �9 ~ 1, o f  f ini te order such that [k,(~) : k,(n, ~)] 

< O O .  

PROOF. By the Artin-Schreier theorem, we have to prove the theorem only for 

the case where k is a formal real field, T 2 = 1 and z ~ 1 (see Lang [14, p. 223]). 

Moreover, it suffices to prove that the following statement holds for every positive 

integer n. 

For almost every (~) e fC(k/k) e there does not exist a 3 e c-#(k/k) such that 32 = 1, 

z ~ 1 and [k(a) : k(~, 3)] = n. 

We choose a prime p - 1 (rood 4), p > n, and consider for this p the sequence 

{kdk}~~ 1 which was constructed in Lemma 11.2. For every i we denote by Pi the 

element of f f (k i /k )  which corresponds to the cycle (1 2 ... p) under the isomorphism 

fY(k~/k) = Sp. Let S be the set of all the (~) ~ fr e for which there exists an i such 

that a l ]  k~ . . . . .  ae [ kl = Pi. By Lemma 4.1, this set has the measure 1. We 

prove that every element in S has the desired property. 

Let (~) ~ S and assume that there exists a z e c.r such that 32 = 1, ~ # 1 and 

[/~(~) :]~(a, 3)] = n. Then/~(3) is a real closed field (see Lang [14, p. 274]). Let L 

be smallest normal extension of k(cr, 3) which contains k(cr). Then [L :k(cr, 3)] 

divides n ! and hence [L : ]c(a)] divides (n - 1) ! Hence p does not divide [L : k(a)]. 

We know that there exists an i such that al I ki . . . . .  a ,  ] k~ = Pi. For this i we 

certainly have ]~(~) n ki(pi) = k~. For if L n ki were a proper extension of  k,(pi ) , 

we would have that L n ki = k, and hence that p divides [L :/~(~)], which is a 

contradiction. 

Put now ~ = z [ k i. Then ~2 = 1 and k~(pl ) is a normal extension of kl(pi,~), that 

is, ~ belongs to the normalizer of  (p,) .  By Lemma 12.1, it follows that in the 

isomorphism f#(k~/k) ~- Sp, ~ corresponds to an element of A r The subgroup of 

fg(ki/k) which corresponds to Ap fixes the field k/, since this field is the only 

quadratic subextension of kJk .  Hence ~ ~fr This means that k , '=  k(3), 

which contradicts the fact that k,'is an absolutely imaginary quadratic extension of 

k and ]c(3) is a real closed field. It follows that such a 3 does not exist. Q.E.D. 
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13. The Bottom conjecture 

THEOREM 9.1 and 12.2 make the following conjecture plausible. 

CONJECTUP,~. Let k be a hilbertian field and let e be a positive integer. Then for 

almost all (~ ) �9  f~(ks/k)* there does not exist a field k c K c ks(~) such that 

[ks(if) : r  ] < oo. 

Stalling proved in [17] that if a finitely generated torsion-free (discrete) group t3 

has a free subgroup of finite index then G is free. If Stalling's theorem is true also 

for finitely generated free profinite groups then we can prove our conjecture as 

follows: We denote by S the set of all (~)E fg(kJk)" which are topologically free 

and for which there does not exist a (p) e fg(kJk) e such that ks(~) "-' ks(p), and for 

which there does not exist a ~ �9 f~(kJk) of finite order such that [ks(~ ) : ks(~ , ~)] 

< oo. By Theorems 5.1, 9.1, and 12.2, S has the measure 1. Let (~) �9 S and suppose 

that there exists a field k _ K c ks(~ ) such that [ks(~) :K  ] < oo. Then there 

exists a T E f f (kJk)  - (~) .  For this ~ we have that (~ )  is a proper closed subgroup 

of (~, ~) of finite index. By the choice of (a), (~, *) is a finitely generated torsion- 

free profinite group. Hence by our assumption (~, ~) is also a free profinite group. 

Again, by the choice of  (~), the rank of  {~, ~) must be greater that e, hence it is 

e + 1. On the other hand, putting n = [ks(~) : ks(~, ~)] we have by Lemma 2.3 

that e = r ank(~)  = 1 + ne which is a contradiction. 

However, since we do not have the desired generalization of Stalling's theorem 

at hand, we are able to prove the conjecture only for the case e = 1. This needs 

some more preliminaries. 

We refer to the notation in the beginning of  the proof of  Theorem 9.1. For  

v �9 ~01 = Z and an element a of a profinite group G we put va(a) = a ~. Then the 

function (v, a) ~ a ~ of  ; f  x G into G has all the properties of the power function 

in the real numbers. In particular it is continuous. For v �9 7/, a ~ is the usual power 

function. If v is not divisible by a certian prime p and G is a finite group then there 

exists an integer i which is not divisible by p such that a~  a t for every a � 9  

Indeed the intersection H of  all the kernels of  the continuous homomorphisms of  

into G is an open subgroup of G, since there are only a finite number of such 
A 

maps. Hence the intersection pZ ~ H is also open in Z.  We can therefore find an 

integer i such that v = i (mod pZ  n H). This i is certainly relatively prime to p 

and it satisfies a ~ = a* for every a �9 G. 

Tm~oREM 13.1. Let k be a hitbertian field. Then for  almost all o �9  

there does not exist af ield k c_ K ~ ks(or ) such that [ks(o) :K ]  < oo. 
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PROOF. Denote by S the set of all a e fg(k,/k) with the following properties: 

(i) (tr) ~ Z. 

(ii) For every prime p there exists a continuous homomorphism of ~(kJk)  onto 

Sp which maps ~ onto the cycle c = (1 2 ... p). 

(iii) There does not exist an element ~ e fg(ks/k) of finite order such that 

[k,(tr) :k,(tr, [)] < oo. 

By Theorems 5.1, 4.2, and 12.2, S has the measure 1. We show that every element 

of S has the desired property. 

Indeed let a ~ S and suppose that there exists a field k c_ K ~ k,(tr) such that 

[k~(a) : K] < oo. Choose a prime p which divides [k,(o-) : K], put G = ff(kJK), 

and let Gp be a p-Sylow group of G (see Ribes [15, p. 47]). Then Gp is not con- 

tained in (tr). Let L be the fixed field of Gp and put M = k,(tr)L. ~(kJM) 

= f#(k,/k,(tr))n ~(ks/L ). Hence ff(k,/M) is a p-Sylow group of (tr). Since 

(tr) ~ Z we have that if(ks/M ) = ~p. Obviously 1 < p"  = (Gp:~(kJM)) 
= [M :L] < oo. Moreover Gp is torsion free by (iii). It follows by a theorem of 

Serre [16, Cor. 12] that Gp is a free p-profinite group. Its rank r is clearly finite (it 

is certainly < 1 + pro). Since the usual formula for the ranks holds also for pro-p- 

finite groups (see Binz, Neukirch, Wenzel [3, p. 108]), we have that r = 1. This 

means that Gp is procyclic. Let p be a topological generator for Gp. Then pP'~ is a 

topological generator for ff(kJM). Since f f(kJM) is the Sylow p-group of 

(tr) there exists a v e Z which is not divisible by p such that 

(1) p~ = a ~ 

For this v there exists an integer i which is not divisible by p such that a ~ = a i for 

every a e S r If  we apply the homomorphism of f#(k~/k) onto Sp (which exists by 

(iii)) to (1) and denote by b the image of p, we obtain that b p" = c ~ Hence 

1 = b ( p - 1 ) I p ' '  = c ( p - l ) l i  

It follows that p divides (p-l)!  i, which is a contradiction. Therefore such 

a K does not exist. Q.E.D. 

14. The centralizer and the normalizer 

The following statement is a possible property of a field k. 

(*) Every closed abelian subgroup of fr is proeyclic. 

It is clear that if a field k has the property (*) then every algebraic extension of k 
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has this property. W. D. Geyer proved in [5, Satz 2.3 and Sect. 6] that the follow- 

ing hilbertian fields have the property (*): number fields, and function fields of one 

variable over finite, real, or algebraically closed fields. For these fields we prove the 

following theorem. 

THEOREM 14.1. Let k be hilbertian field with the property (*). Then for  al- 

most all tr~fg(k,/k) the subgroup (tr) is its own centralizer, and if  e > 2 then 

for  almost all (o) ~ c.r the centralizer of (~ )  is trivial. 

PROOF. Let S be the set of all tre ~9(ks/k) for which there does not exist a 

z ~ ~(k, /k)  such that k,(z) c k,(a). By Theorem 9.1, S has the measure 1. Let now 

tr E S and suppose that an element p ~ f~(ks/k ) commutes with a. Then (a,  p)  is an 

abelian group and hence, by our assumption, there exists a z ~ fC(kJk) such that 

(a,  p)  = (z) .  But then, by the choice of tr, we have that (tr) = (zJ). Hence 

p 6 (tr). It follows that ( a )  is its own centralizer in fr 

Next, for e > 2, let T be the set of all (~)r fg(k,/k) ~ with the following pro- 

perties: 

(i) There does not exist a ~ ~ ff(k,/k) such that k~(z) ~ k,(al) or k~(z) = k,(a2). 

(ii) ( t r l )  C3 (a2)  = I. 

By Theorems 9.1 and 5.1, T has the measure 1. 

Let now (a) e T and suppose that an element p ~ fg(kJk) is in the centralizer of 

(~) .  Then, as before, p ~ ( a l )  and p e (a2).  Hence p = 1. This means that the 

centralizer of ( a )  in fg(k~/k) is trivial. Q.E.D. 

We do not know if  Theorem 14.1 holds also for arbitrary hilbertian fields. How- 

ever, the following theorem can be proved. 

THEOREM 14.2. Let k be a hilbertian field. Then for  almost all (a)~ ff(kJk)" 

the normalizer of (~ )  in f#(kJk) is a torsion-free closed subgroup of  an infinite 

index and hence of measure O. 

PROOF. It is clear that the normalizer of ( a )  is a closed subgroup of fr 

for every (a) e fg(kJky. In order to prove that it is almost always torsion-free and 

of infinite index, we denote by S the set of all (a) ~ fg(kJk) ~ with the following pro- 

perties: 

(i) There does not exist any z e fg(kJk) of finite order such that [k,(a) : k~(a, r)] 

< O 0 .  
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(ii) For every odd prime p there exists a continuous epimorphism of fg(kJk) 

onto Sp which maps o'1,..., 0"e onto the cycle (1 2 ..- p). 

By Theorem 12.2 and Lemma 4.2, S has the measure 1. 

Let (0) �9 S. Then no element z of finite order belongs to the normalizer of (~) ,  

since for such an element we would have [ks(4) :k,(4, z)] < oo. Next, the index 

of the normalizer of (4 )  in fg(kJk) must be greater of equal to the index of the 

normalizer of(1 2 ... p) in Sp. But the later is equal to (p -- 2)! (refer to the remark 

after Lemma 12.1). Hence the index of  the normalizer of ( o )  is ~ (p - 2) !. Since 

this inequality holds for every odd prime p we conclude that the index is infinite. 

Q.E.D. 

COROLLARY 14.3. Let k be a hilbertian field. Then for  almost all (o)~ f#(ks/k) ~ 

the extension k~(4)/k is not normal. Furthermore, for  every 0.~fff(kJk) the 

smallest normal extension of k which contains k~(0.) is k~. 

l~oor .  The first statement follows from Theorem 14.2. The second follows from 

a theorem of Kuyk which asserts that no closed solvable subgroup of fg(ks/k ) can 

be normal (see [11, p. 114]). Q.E.D. 

Are the following statements about a hilbertian field k true? 

almost all (4)e f~(k,/k) e the centralizer of (4 )  in fg(k,/k) is 

trivial if e > 1. 

almost all (4)~fg(kJk) ~ the normalizer of (4 )  in fg(kJk) 

PROBLEM 6. For all (0) �9 fr e the smallest normal extension of k which con- 

tains k,(o) is ks. 

15. Applications to extension problems over hilbertian fields 

In this section we translate our results to results about field extensions. We fix 

a finite Galois extension I of a hilbertian field k and prove the existence of certain 

extensions of I with prescribed properties. 

THEOREM 15.1. Let 1 ~ H --* G ~ f#(I/k) --* 1 be a short exact sequence of 

finite groups. Then there exists a finite separable extension k ' /k  which is linearly 

disjoint f rom I/k, and there exist finite extensions l '/k' and m'/ l '  such that m' /k '  

is Galois and the following diagram in which the vertical arrows are isomor- 

phisms is commutative. 
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1 - - ,  ff(m'/ l ' )--- ,  ff(m'/k') --, ff(l'/k') --, 1 

,l lo 1 
1 - - - - ,  H --, - - - - ,  e ( l / k )  1 

R E ~ K .  Kuyk [10, Th. 3] proved this theorem by using a certain trans- 

cendental construction. We deduce it from the Free Generators theorem. 

PROOF. Let gl , '" ,  ge be generators of G and put a~,..., ~ for the corresponding 

elements of fg(I/k) by 0. Then ~[,... ,  a'e generate f~(I/k). The set of all e-tuples 

(o )e f f (kJk )  ~ whose restriction to 1 is (0') is of positive measure. Hence, by 

Theorem 5.1, we can choose among them an e-tuple (0) such that (0 )  ~ F,. For 

this (0) we have that k~(o) n l = k. Hence, if we put L = k~(o)" I, we obtain that 

ff(L/k,(o))_~ f~(I/k). Further, we can extend the map ai ~ gi, i =  I, ..., e, to a con- 

tinuous epimorphism of (0 )  onto G. The fixed field M of the kernel of this 

epimorphism contains L and we have fg(M/k,(o)) ~ G. 

Let now a be an element which generates the field M over k,(o). Then we can find 

a finite extension k' of k contained in k,(o) such that m' = k'(a) is a Galois exten- 

sion of k' which is linearly disjoint from k,(o). I f  we put I' = L c~ m' then k', l '  

and m' will satisfy all the requirements of the theorem. Q.E.D. 

For the rest of this section we denote by ~ the set of all finite Galois extensions 

of k which contain 1. 

THEOREM 15.2. Let (0') ~ (~(l/k) e and (~') e ~ ( l / k f  . Then there exists an L ~ .~  

and an extension (o" , '~" )of  (o', ~') to L such that the restriction of every element 

of ( 0 " )  t~ ('c") to l is the identity. 

PaOOF. Assume that for every L ~ ~ and for every extension (o",  x") of (o', ~') 

to L there exists a p " e  ( 0 " )  n ( ~ " )  such that p " l l  ~ 1. We shall show that 

this assumption leads to the conclusion that for every (o, 'Oe&(kJk)  "+I which 

extends (o', ~') we have (0 )  n (x)  # 1. Since the set of these (0, ~) has a positive 

measure we shall obtain a contradiction to Theorem 5.1. 

Indeed, let (o,~) be an e + f - t u p l e  which extends (o',~'). For every L eLa  

denote by S(L) the set of all p "  e (o  [ L )  n (x I L )  such that p "  I l ~ 1. Then S(L) 

is a nonempty finite set. If  M is another field in ~ which contains L then the res- 

triction map of &( M / k ) onto ~( L / k ) induces a canonical map O~L of S( M) into S( L ). 

Thus {S(L), 0[tL} is a projective system of nonempty finite sets. The projective 

limit of such a system is not empty [4, Th. 3.6]. An element of this limit induces a 
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p e ~(kJk)  such that p lL ~ <e I L> ~ ('c]L> for every L ~ -~ and p l 1 # 1. Hence 

p e < e > t ~ ( ~ > a n d p #  1. 

PROnLEM 7. Let (6 ' )e  (~(I/k)" and (x ')e ~(I /k f .  Does there exist a field L e .~' 

and an extension ( e " , t " )  of (6' ,x ')  to L such that ( 6 ">  n <z"> = 17 

We note that the analogous group theoretical problem has a positive solution, 

that is, one can find a finite group G, an cpimorphism ~ : G -~ ~(I/k), and elements 

(s,t) e G "+' such that It(s, t) = (6', ~') and <s) r3 (t> = 1. 

THEOREM 15.3. Let r  be a negative formula in the free variables 

XI ,  . . . ,X ,  and suppose that there exists a positive integer m such that 

S ,  ~ 3 Xz" .3Xmqb(Xt ," . ,  X,,). Let (6') e ~r ~. Then there exists an L e ~ and 

there exists (6") ~ it(L/k) ~ which extends (e') such that it(L/k) ~ r try). 

PROOF. Assuming that the theorem is false we argue as in the proof of Theorem 

15.2. The main point of the argument is the following: Let at , ' . . ,  tr~ e ~(ks/k) such 

that r162 ~ ~ r [ L,..-, tr~ [ L) for every L e LP. Since ~ r  X~) is a 

positive formula one can prove by induction on the number of the quantifiers of 

that fC(k,/k) ~ ~ r "", cry). This leads to a contradiction to Theorem 8.1. 

Q.E.D. 

In the same way one can now deduce Theorems 15.4, 15.5 and 15.6 from the 

Theorems 9.1, 12.2 and 13.1 respectively. 

THEOREM 15.4. Let (e'), (~')efg(I/k.) ~ such that l (~ ' )~  I(6'). Then there 

exists a field L ~ .~ and a (6")~  (g(L/k) ~ which extends (e') such that for every 

('c") ~ f~(L/k) ~ which extends ('c') we have L('c") ~ L(6"). 

THEOREM 15.5. Let ( e ' ) e  ~(I/k) ~, ~ 'e  ~(l/k), ~' ~ 1, and let n be a positive 

integer. Then there exists a field L ~ .~ and an extension (6") of (6') to L such 

that for every ~" ~ fg(L/k) which extends ~', either o r d C >  n or [L(e") : L(6",t")] 

n ,  

THEOREM 15.6. Let e '  ~ (g(l/k) and let k o be a field such that k. ~_ ko ~ l(o'). 

Then there exists a field L e .~ and an extension 6"  of tT' to L for which there 

does not exist afield k ~_ K "  ~_ L(t~ '~) such that I r~ K "  = ko and [L(o"') : K " ]  

~_n. 

We note that for the proof of this theorem it is important to remember that a 

finite separable extension contains only a finite number of  subcxtcnsions (see Lang 

[14, p. 1853). 
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16. Applications to finitely generated free profinite groups 

As an application we deduce the following result. 

THEOREM 16.1. Let zl,  "", ze be free topological #enerators for  I~ e and let 

1 < d ~ _ e .  Then 

(i) /~e is a torsion-free aroup. 

(ii) Every abelian closed subaroup of ape is procyclic. 

(iii) I f  1 ~_ d < e then <zt, "", zd) n <zd+ 1, "", ze> = 1. 

(iv) There do not exist x l , . . . ,  x a ~ ~e such that <z t , ' " ,  za> c <xl,. . . ,  xa>. 

(v) There does not exist a closed subaroup d of ~e e which contains z t such that 

1 < (J :<zl>) < oo. 

(vi) The closed suboroup <zl)  is its own centralizer in Pc. 

(vii) I f  d ~ 2 then the centralizer of <zx, "", zd) in Pe is trivial. In particular 

lee has a trivial center. 

PROOF. (ii) Take any hilbertian field k having characteristic different from 0. 

By Theorem 5.1 we can find a topologically free e-tuple (a l , "  ", ae) ~ r162 e. Then 

Pe ~ <~). Since there are no elements of finite order in fC(kJk) (see Lang [14, p. 

223]), Pe is a torsion free group. 

(ii)-(vii) Consider the set S of  all (o) E ff(Q / Q)e with the following properties: 

(a) <a) ~ &. 

(b) I f1  ~ d < e then <trl, . . . ,ad) r <tra+l,..-,ae) = 1. 

(c) There does not exist a (x) z r162 such that Q(~) = O(a). 

(d) There does not exist a field k _~ K = Q(trl) such that [Q6rl)  :K]  < ~ .  

(e) The closed subgroup <al> is its own centralizer in r162 

(f) If  d ~ 2 then the centralizer of <try, ..., ad> in fr is trivial. 

By Theorems 5.1, 9.1, 13.1, and 14.1, S has the measure 1. It follows that it is 

not empty. The existence of an e-tuple (a) z S implies automatically the statements 

(iii)-(vii). The statement (ii) follows from the fact that Q has the property (*) of  

Section 14. Q.E.D. 
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